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Abstract

Jun Li, A Wavelet Approach to Edge Detection. Master of Science (Mathematics),
August 2003, Sam Houston State University. Huntsville, Texas.

This thesis presents a new approach to edge detection using wavelet transforms.
First, we briefly introduce the development of wavelet analysis. Then, some major
classical edge detectors are reviewed and interpreted with continuous wavelet transforms.
The classical edge detectors work fine with high-quality pictures, but often are not good
enough for noisy pictures because they cannot distinguish edges of different significance.
The proposed wavelet based edge detection algorithm combines the coefficients of wavelet
transforms on a series of scales and significantly improves the results. Finally, a cascade

algorithm is developed to implement the wavelet based edge detector.
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Preface

When I first started writing this thesis, [ was quite in doubt whether such a topic was
too applied to be of any value in mathematics research. However, with further study of
wavelet analysis, | realized that this particular field of mathematics would not have been
developing so quickly were it not for the vast applications that required such a mathematical
tool.

In St. Louis, Victor Wickerhauser was using this same mathematics to help the FBI
store fingerprints more economically; while at Yale, Ronald Coifman used it to coax a
battered recording of Brahms playing the piano into yielding its secrets. In France, Yves
Meyer of the University of Paris-Dauphina found himself talking to astronomers about how
these new techniques could be used to study the large-scale structure of the universe.

The technique of edge detection has long been studied by researchers in electrical
engineering and in mathematics. It was not until the work of Mallat and his colleagues that
wavelet was introduced into such studies. Mallat and his colleagues put their emphasis
on decomposing and reconstructing digital signals from their edge information. Here, we
make improvements based on some of the previous results, and develop a wavelet approach

for the problem of edge detection.



Chapter 1
Introduction

1.1 What is edge and what is an edge detector?

An edge in an image is a contour across which the brightness of the image changes abruptly.

In image processing, an edge is often interpreted as one class of singularities. In a function,
singularities can be characterized easily as discontinuities where the gradient approaches
infinity. However, image data is discrete, so edges in an image often are defined as the
local maxima of the gradient. This is the definition we will use here.

Edge detection is an important task in image processing. It is a main tool in pattern
recognition, image segmentation, and scene analysis. An edge detector is basically a high-
pass filter that can be applied to extract the edge points in an image. This topic has attracted
many researchers and many achievements have been made [14]-[20]. In this paper, we will
explain the mechanism of edge detectors from the point of view of wavelets and develop a

way to construct edge detection filters using wavelet transforms.

1.2 Introduction of the classical edge detectors

Many classical edge detectors have been developed over time. They are based on the
principle of matching local image segments with specific edge patterns. The edge detection

is realized by the convolution with a set of directional derivative masks [21]. The popular
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edge detection operators are Roberts, Sobel, Prewitt, Frei-Chen, and Laplacian operators
([17],[18], [21], [22] ). They are all defined on a 3 by 3 pattern grid, so they are efficient
and easy to apply. In certain situations where the edges are highly directional, some edge

detector works especially well because their patterns fit the edges better.

1.3 Noise and its influence on edge detection

However, classical edge detectors usually fail to handle imanges with strong noise, as
shown in Fig. 1.1. Noise is unpredictable contamination on the original image. It is

usually introduced by the transmission or compression of the image.
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Fig. 1.1: Impact of noise on edge detection
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There are various kinds of noise, but the most widely studied two kinds are white
noise and “salt and pepper” noise. Fig. 1.1 shows the dramatic difference between the

result of edge detection from two similar images, with the later one affected by some white

noise.

1.4 Edge detector with pre-smoothing

To reduce the influence of noise, two techniques were developed from 1979 to 1984. Marr,
et al. suggested filtering the images with the Gaussian before edge detection ( [28]-[30] );
Hueckel [22] and Haralick [33] proposed to approximate the image with a smooth function.

The weakness of the above approaches is that the optimal result may not be obtained
by using a fixed operator. Canny [4] developed a computational approach to edge detection
in 1991. He derived that an optimal detector can be approximated by the first derivative of

a Gaussian.
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1.5 Development of wavelet analysis

The concept of wavelet analysis has been developed since the late 1980’s. However, its
idea can be traced back to the Littlewood-Paley technique and Calderén-Zygmund theory
[25] in harmonic analysis. Wavelet analysis is a powerful tool for time-frequency analysis.
Fourier analysis is also a good tool for frequency analysis, but it can only provide global
frequency information, which is independent of time. Hence, with Fourier analysis, it is
impossible to describe the local properties of functions in terms of their spectral properties,
which can be viewed as an expression of the Heisenberg uncertainty principle [13].

In many applied areas like digital signal processing, time-frequency analysis is critical.
That is, we want to know the frequency properties of a function in a local time interval.
Engineers and mathematicians developed analytic methods that were adapted to these
problems, therefore avoiding the inherent difficulties in classical Fourier analysis.

For this purpose, Dennis Gabor [34] introduced a “sliding-window” technique.
He used a Gaussian function g as a “window” function, and then calculated the Fourier

transform of a function in the “sliding window”. The analyzing function is

Gap(T) = ei‘””g(m —b), a,beR.

The Gabor transform is useful for time-frequency analysis. The Gabor transform was
later generalized to the windowed Fourier transform in which g is replaced by a “time-
local” function called the “window” function. However, this analyzing function has the
disadvantage that the spatial resolution is limited by the fixed size of the Gaussian envelope

[13].



1.5 Development of wavelet analysis 6

In 1985, Yves Meyer ( [23], [24] ) discovered that one could obtain orthonormal

bases for L?(R) of the type
Vin(e) =2p(Fe —k), G ke,

and that the expression

F= <>
jkeZ

for decomposing a function into these orthonormal wavelets converged in many function
spaces.

The most preeminent books on wavelets are those of Meyer ( [23], [24] ) and Daubechies
[8]. Meyer focuses on mathematical applications of wavelet theory in harmonic analysis;
Daubechies gives a thorough presentation of techniques for constructing wavelet bases with
desired properties, along with a variety of methods for mathematical signal analysis [14].

A particular example of an orthonormal wavelet system was introduced by Alfred
Haar [35]. However, the Haar wavelets are discontinuous and therefore poorly localized
in frequency.

Stéphane Mallat ( [36], [37] ) made a decisive step in the theory of wavelets in
1987 when he proposed a fast algorithm for the computation of wavelet coefficients. He
proposed the pyramidal schemes that decompose signals into subbands. These techniques
can be traced back to the 1970s when they were developed to reduce quantization noise
[39]. The framework that unifies these algorithms and the theory of wavelets is the concept
of'a multi-resolution analysis (MRA). An MRA is an increasing sequence of closed, nested

subspaces {V; } ez that tends to L?(R) as j increases. V; is obtained from V; .4 by a dilation

of factor 2. 1} is spanned by a function ¢ that satisfies
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$(x) =2 hng(2z —n). (1.1)

Equation (1.1) is called the “two-scale equation”, and it plays an essential role in the theory
of wavelet bases. In chapter three, Mallat’s wavelet theories are discussed in more detail.

In 1997, Chui and Wang [11] further discussed the asymptotically optimal time-

frequency localization by scaling functions and wavelets. In their paper they proved the

convergence of the time-frequency window sizes of cardinal polynomial B-wavelets, which

are used in Mallat’s algorithm and are important in many other wavelet applications.

1.6 Edge detector using wavelets

Now that we have talked briefly about the development of edge detection techniques and
wavelet theories, we next discuss how they are related.

Edges in images can be mathematically defined as local singularities. Until recently,
the Fourier transforms was the main mathematical tool for analyzing singularities. However,
the Fourier transform is global and not well adapted to local singularities. It is hard to
find the location and spatial distribution of singularities with Fourier transforms. Wavelet
analysis is a local analysis, it is especially suitable for time-frequency analysis [1], which is
essential for singularity detection. This was a major motivation for the study of the wavelet
transform in mathematics and in applied domains.

With the growth of wavelet theory, the wavelet transforms have been found to be
remarkable mathematical tools to analyze the singularities including the edges, and further,

to detect them effectively. This idea is similar to that of John Canny [4]. The Canny
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approach selects a Gaussian function as a smoothing function #; while the wavelet-based
approach chooses a wavelet function to be §’. Mallat, Hwang, and Zhong ( [5], [6] )
proved that the maxima of the wavelet transform modulus can detect the location of the
irregular structures. Further, a numerical procedure to calculate their Lipschitz exponents
has been provided. One and two-dimensional signals can be reconstructed, with a good
approximation, from the local maxima of their wavelet transform modulus.
The wavelet transform characterizes the local regularity of signals by decomposing
signals into elementary building blocks that are well localized both in space and frequency.
This not only explains the underlying mechanism of classical edge detectors, but also

indicates a way of constructing optimal edge detectors under specific working conditions.

1.7 The purpose of this paper and its organization

The purpose of this paper is to explain the working mechanism of edge detectors from the
point of view of wavelet transforms and to develop a new wavelet-based multi-level edge
detection method.

Chapter two is an introduction to wavelet transforms. The relationship between
wavelet transforms and edge detection is discussed in detail in chapter three. In light
of Mallat’s wavelet theory, we are able to construct a universal wavelet model for edge
detection. After a brief review of some classical edge detectors in chapter four, we go on in
chapter five to interpret those edge detectors from the point of view of wavelet transforms.

Finally, in chapter six, we developed a multiscale wavelet model for edge detection.
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The fast algorithm suggested by Mallat, et al. ( [5], [6] ) is based on a dyadic scale,
which makes it reach large scales quickly. However, when dealing with noisy images, the
noise level (SNR) is sensitive to the change of scales. A dyadic sequence of scales cannot
always optimally adapt to the effect of noise. With the cascade algorithm developed in
chapter four, one can quickly reach a scale of the wavelet that adapts to the scale of signals

and the noise level, which minimizes the effect of noise on edge detection.

1.8 Some notation

Before we begin the discussion of wavelet transform, we introduce some notation. L?*(R)

denotes the Hilbert space of measurable functions, such that

+oo
/ |f ()] dz < +oo. (1.2)
For f € L? (R), the norm, || f||, is given by
2 e 2
1= [ s e (13
The convolution of two functions f(x) € L? (R) and g(x) € L? (R) is denoted by
+o00
frglx) = f(u)g(z — u)du. (1.4)

The Fourier transform of a function f(x) is defined by

N
f(w) = lim / f(z)e ™ du, (1.5)
N—o00 _N
and the s-dilation of f(x) is defined by
1,/
fi@) =-f(2), s> 0. (1.6)
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Similarly, let L? (R?) be the Hilbert space of two-dimensional square-integrable functions.

The norm of f € L? (R?) is given by
2 oo oo 2
1A= [ [ i)l dsay, 1)
and the Fourier transform of f € L? (R?) is defined by
flwe,wy) = / f(z,y) e " @=stent) dady. (1.8)
For any function f € L? (R?), f; (z,y) denotes the s-dilation of f (z,y)

fs(m,y):l?f (E g), s> 0. (1.9)



Chapter 2
Introduction to Wavelet Transforms

2.1 Continuous wavelet transforms

We know that the Fourier transform of a signal f(t) is defined as

flor= [ se e
Since e~ is globally supported and not in L2, Fourier analysis is global in nature, which
makes it not suitable for detecting local singularities.

To obtain the approximate frequency contents of a signal f(¢) in the neighborhood
of some desired location ¢ = b, we can window the function using an appropriate window
function ¢(t) to produce the windowed function f,(t) = f(¢)¢(t — b) and then take the
Fourier transform of f,(¢). This is called the short-time Fourier transform (STFT). It can

be defined at the location (b, £) in the time-frequency plane as

Gof (b,€) = / £ (Bt (2.10)
where

Gpe(t) = Bt — b)e™. (2.11)

One can recover the time function f(t) by taking the inverse Fourier transform of

Gy f(b, &), then multiply by ¢(¢ — b) and integrate with respect to b:

1 [ee) ) o0
- dge'st G, f(b —b)db .
1= g / e / Gaf (b D) 2.12)

11
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If we use the Gaussian function as the window function, i.e., ¢(¢) = EPS - (a >
0), the transform is called the Gabor transform [34]. If we use a dilated and translated
wavelet function as ¢y ¢(t), i.e., ¢, ¢(t) = 1, ¢(t), the transform is a continuous wavelet
transform.

Definition 1 The continuous wavelet transform(CWT) of a function f(¢) € L? with respect

to some analyzing wavelet ¢ is defined as

Wi (ba) = / " FEa (e,

where

nalt) = %w (t — b) . a>0, (2.13)

and 1) (t) satisfies the following condition:

$(0) = / W(t)dt = 0. (2.14)

In addition to satisfying (2.14), a wavelet is sometimes constructed such that it has

vanishing moments of higher order. A wavelet is said to have vanishing moments of order
m if

/ tPy(t)dt = 0, p=0,...m—1. (2.15)

—00

We often derive 1) (t) from the derivative of a smoothing function ¢(t) € L?(R),

/ Z st = 1

d
o) = %2
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Theorem 1 Let ¢(t) € L*(R) be a smoothing function that is n times differentiable.

Let v, (t) be the pth derivative of ¢(t), i.e

Y, (t) = dpcﬁit>, p<n, (2.16)
then ¢,(¢) has vanishing moments of order p.
Proof. Since
| vttt = lim oft) ~ tim_ott) =0 @1

According to (2.14) and (2.15), ¥(¢) is a wavelet with vanishing moments of order 1.

Assume that 1, (t) has vanishing moments of order p — 1, i.e.

/_ : 2 (£t =0, (2.18)
Then
= 0 - k- ) [ e, 0
_

Thus by induction 1,() has vanishing moments of order p.

Similar to STFT, the inverse wavelet transform involves a two-dimensional integration

over the scale parameter a and the translation parameter b :

Cw/ db/ (Wyf (b,a)) ¥y, (t) da, (2.20)
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where C, is a constant given by
2

Cy = /00 Md@u < 00. (2.21)

——_—

The condition (2.21), known as the admissibility condition, restricts the class of functions

that can be wavelets. It actually implies (2.14) [1].

2.2  Multi-resolution analysis

A careful choice of the mother wavelet ¢ is crucial to the Fast Wavelet Transform, (FWT).
The mother wavelet should in a certain way “reproduce itself” when it is subject to scaling.
More specifically, the mother wavelet ¢/ satisfies a linear identity having the following

structure:

n

Dag(t) = > exo(t — k), (222)
k=0
where D, is a scaling operation such that Dy¢(t) = ¢(%). In another words, ¢,(t) forms

an MRA.

Definition 2 A multi-resolution analysis, abbreviated MRA, is constituted by the following
ingredients (a)-(c).
(a) A bilateral sequence (V}|j € Z) of closed subspaces of L?. These V; are ordered

by inclusion,

wCVhcWViCcVyCcV,y,C..CcV;CV,,C...CL? (2.23)
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(smaller values of j correspond to larger spaces V), with

N;V; = {0} (seperation axiom), (2.24)

U;V; = L* (completeness axiom). (2.25)
(b) The V; are connected to each other by a rigid scaling property:
Vili=Dy(V;) Vj€Z (2.26)

(c) V; contains one basis vector per base step 1, i.e., there is a function ¢ € L? N L*
such that its translates (¢ (- — k) |k € Z) form an orthonormal basis of V4. The function ¢

1s commonly called the scaling function of the MRA and it determines 1} :

Vo= {f € LPIf(t) =Y et —k), Y laf* < oo} (2.27)
k

k
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2.3  Scale of a wavelet function

First, we consider some special characteristics of Gaussian filters.

through a Gaussian filter is still a Gaussian function, but with a dilated variance.

Jo(,y) be a normalized Gaussian function with variance o2,then

gal*gag( ,Y)

= / gal — h,y — k)go, (h, k)dhdk

_ (== h)2+(y k) _ a2
= —33 207 e *2 dhdk
47r oio3

01+02 h 7202hr+02w +<a%+a%)k272a%ky+a%y2

- / /
471' o303
2

2 52,2
(- oo ) ( ) otod («? +y2)
+a 0'1+U2 ( %+o‘2)
P
0.0] o0 ofo
1 27z
= 1 2
Am20202
1¥2 J—o0 J—00
(h_ o2z )2 (k o2y
o2 g2 o1to3 o1to3
1 ey [ 2717
= 2(01+02) e o1tos
242 -2
4 01035 —00 J —00
z2+ 2
-] 2(o5+3)
2m(07 + 03)
1 2

= gm(ﬂf,y)

16

A Gaussian function

Let

(2.28)

Now, we consider a special class of wavelets, which can be defined as the derivative

of a smoothing function, i.e.,

W(wy) = 5-0(,),

where [ f]R2 ¢(z,y) = 1. If the Gaussian is used as the smoothing function, this class of

wavelets is called a Gaussian wavelet. From (2.28), we can develop a cascade algorithm
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to find the wavelet transform of f(x,y) on a series of scales.

Wf(ns,z,y) = Uu,* f(z,y)

0
= % * fz,y)
a ¢ n—1)s QSS
_ 2o 81; - )*f(rli,y)
0 n—1)s
= W * gbs(l‘a y)
= W'f((n—1)s,2,y) * ¢,(2,y) (2.29)
Thus, for any integer n > 1,
Wlf(ns,z,y) = ¢, *...x ¢ xW'f(s,z,y) (2.30)
n—1
Similarly,
W2f(ns,z,y) = @, x...x ¢ xWf(s,2,y) (2.31)
n—1

2.4 Approximation of the Gaussian filter with B-splines

Next, we use cardinal B-splines to approximate the Gaussian filter.
Definition 3 The cardinal B-spline of order m, denoted by V,, (), is inductively defined

by the multi-convolution of the box function:

,0<z <1,
0, otherwise

Y

Ni(z) = B(x):{

Np(x) = Npo1*x Ni(2)
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1.e.

m

A

Np(z) = NysNps---xN(2) (2.32)

Although the cardinal B-spline of order 1 is not an accurate approximation of a
Gaussian function, it has been shown in [38] that the cardinal B-spline of order n asymptotically

converges to a Gaussian function ¢,,(x) as n goes to infinity.

()

2
=
&

= Np*..xNp(x) (2.33)

where N,,(z) is a B-spline with support n.
We now introduce a cascade algorithm that detects edges continuously on all integer
scales.

Let H(z) be the Haar wavelet

-1, 0<z < %;
H(x) = 1, % <z <1
0, otherwise.

where 1, () is the Gaussian wavelet of scale 1. Thus the Gaussian wavelet at integer scale

n > 2 can be approximated as

—N—
V() ~ Nyx..xNy*H(z)

= N, 2% H(x).



2.4 Approximation of the Gaussian filter with B-splines 19

We can easily expand this method to calculate the wavelet transform of a discrete 2-D

image f(z,y), by defining B(x,y), H(z,y) and H?(z, y) as follows:

Nl('ray) = B(xay) =

—1L,0<z<io<y<ty
<z

L0<z<1,0<y<I;
0, otherwise.

H'(z,y) = < 1,

0,
-1,0<2<1,0<y <3

H(z,y) = { L,0<z<1,i<y<y
0, otherwise.

And thereby,
n—2 (2.34)
Wif(n,z,y) ~ Nptow NyH x f(2,y)
n—2
W2f(n,z,y) =~ M*H2 x f(x,y).
We use (2.34) to calculate the horizental and vertical wavelet transform at scale n.

In practice, we sometimes need the wavelet transform with a rotated direction. To

do this, we define the approximation for a rotated wavelet:

-1,0<zx<y<1;

H(z,y) = ¢ L0<y<z<
0, otherwise.
-1,0<{z<—y<1;
H'(z,y) = ¢ 1,0<—y<az<1
0, otherwise.

Similarly,
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n—2
——t—
W3f(n,xz,y) ~ Nyx..x N xH?x f(x,y); (2.35)
n—2
4 e
Wf(n,x,y) ~ Np*..x NoxH"x f(z,y). (2.36)

Fig. 2.1 shows how the Gaussian wavelet is approximated by B-spline. Each

-0.01 -001
30 30

(e ®
Fig. 2.1: (a),(b): One iteration; (c),(d): 10 iterations; (e),(f): 20 iterations
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iteration of convolution with V; raise the order of the B-spline by 1.

2.5 Wavelets with vanishing moments of higher order

21

Up to this point, only the first-degree derivative of the smoothing function is used as a

wavelet. This is usually sufficient for edge detection of normal images.

But in some

special cases where we wish to detect discontinuities that are less noticeable, wavelets

defined by higher degree derivatives may be used. In such cases, we can simply repeat the

convolution with H. Each time we do the convolution with H, we increase the order of the

derivative by one, and thus increase the order of vanishing moments by 1. This can easily

be shown as follows:

V)

d,

dxk

dk

dk (¢n71 * ¢1)
d o, 4 . doy

dxk-1 dx

, (k <n).

Thus, by induction and from (2.32), (2.33),

In 2-D,

W(k:)f(”? z, y)

Q

k
—N—
d¢ d¢
— an_k*d—xl**d—;

n—k—1 k

(2.37)

(2.38)
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Fig. 2.2 shows an approximation of a wavelet with vanishing moments of order two.

®10 e . : x10

(a) (b)
Fig. 2.2: Approximation by 30 iterations of convolution with /V; for a wavelet with
vanishing moments of order two



Chapter 3
Edge Detection Using Wavelets

A remarkable property of the wavelet transform is its ability to characterize the local
regularity of functions. For an image f(x,y), its edges correspond to singularities of
f(z,y), and thus are related to the local maxima of the wavelet transform modulus.

Therefore, the wavelet transform is an effective method for edge detection.

3.1 General rules of edge detection

Edge detectors are modified gradient operators. Since an edge is characterized by having
a gradient of large magnitude, edge detectors are approximations of gradient operators.
Because noise influences the accuracy of the computation of gradients, usually an edge
detector is a combination of a smoothing filter and a gradient operator. An image is first
smoothed by the smoothing filter and then its gradient is computed by the gradient operator.
The 2-norm of the gradient is ||V ||, = /fZ + f2. Inorder to simplify computation,
in image processing we often use the 1-norm ||V f||, = |f.| + | f,| instead. Their discrete

forms are

IV Al = V(FG=1,5) = Fa+1,0))2+ (F(i,5 — 1) = fi +1,7))? (3.39)

and

IVFl =517 ~1.9) ~ FG+ 1)+ 51fGi 1)~ fGi+ D] (40

respectively.

23
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In image processing, the following two ways are used to define edges.

(1) Local maxima definition. Let f(z,y) € H?(Q2). A point (7,7) € Q° is called
an edge point of the image f(z,y), if ||V f|| has a (strictly) local maximum at (Z,7), i.e.,
\Vf(Z,5)| > |IVf(x,y)| in a neighborhood of (Z,7). An edge curve in an image is a
continuous curve on which all points are edge points. The set of all edge points of f(z, y)
is called an edge image of f(x,y).

(2) Threshold definition. Let f(z,y) € H*(2). Assume that

max [V (z, )] = M. (3.41)

(z,y)€Q
Choose K, 0 < K < M, as the edge threshold. If ||V f(Z,7)| > K, then (Z,7) is

called an edge point of f(x,y).

3.2 Mallat's wavelet

We first define a smoothing function ¢(z), then we build the wavelet ¢ (x), which is
associated with ¢(z).
We know that the Fourier transform of the smoothing function ¢(z) can be written as

an infinite product

+o00
$w) = [[H2 w) (3.42)
p=1
where H(w) is a 27 periodic differentiable function such that

|H(w)? + |H(w + 1) < 1 and |H(0)| = 1 (3.43)

We define a wavelet ¢)(z) whose Fourier transform @Ab(w) is given by
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V(2w) = e ®YG(w)p(w), (3.44)

where G(w) is a 27 periodic function.
Let the smoothing function 6(z) be such that 1)(z) is the first-order derivative of §(z).
A family of 27 periodic functions H (w) and G(w), that satisfy these constrains, is given
by
H(w) = e“/?(cos(w/2)), (3.45)

Glw) = 4ie™/?sin(w/2), (3.46)

Plw) = (%)M, (3:47)
bw) = iw (%)Qm. (3.48)

The Fourier transform #(w) of the primitive is therefore
O(w) = (%)QW (3.49)

Equations (3.47), (3.49) prove that ¢)(z) is a quadratic spline with compact support,

whereas 0(x) is a cubic spline whose integral is equal to 1, as shown in Fig. 3.1.

0015 1.4

001 12

1
0.005
g
06

04

-001 az

0015 a
-1 -05 0 05 1 -1 -05 o 0s 1

(a) quadratic spline (b) cubic spline
Fig. 3.1: B-splines defined in Mallat's wavelet.

Now the wavelet is expanded to 2-D. Define
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Ui (z,y) = 2p(x)$(2y)and 1y (2, y) = 2¢(27)Y(y). (3.50)
Since ¥(x) = dfl(;), these two wavelets can be rewritten as
00 00 :
wiwy) = Dm0,y = L20D iy 3.51)

01(z,y) = 20(x)¢(2y)and Oy(7,y) = 2¢(22)0(y).

The functions 6, (x, y) and 05(x, y) are numerically close enough so that they can be

considered to be equal to a single function é(z, y) in a first approximation.

3.3 Construction of wavelets for edge detection

We assume the smoothing function 6(z) is twice differentiable and define, respectively,

*(x) and °(z) as the first- and second-order derivatives of (z)

v(@) = D and o () =

d*0(x)

dz?

(3.52)

By the definition in (2.14), the functions 1*(z) and ¢°(z) can be considered to be

wavelets because their integral is equal to 0.

+o00 400
Y*(x)dx = Oand Y(z)dz =0

A wavelet transform is computed by convolving the signal with a dilated wavelet.
The wavelet transform of f(z) at the scale s and position z, computed with respect to the

wavelet 1) (x), is defined by

Wef(x) = f* (). (3.53)
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The wavelet transform of f (z) with respect to ¢°(z) is

W f(x) = f* (). (3.54)
It follows that
db, d
Wif(e) = fx(s—2)(@) = s——(f +0s)(x),and (3.55)
b o, d%0, , d?
W) = S+ (@) = (40 (a). (3.56

Therefore, the wavelet transforms W2 f(x) and W2 f(z) are, respectively, the first
and second derivative of the signal smoothed at the scale s. The local extrema of W¢ f(z)
thus correspond to the zeros of W2 f (x) and to the inflection points of f * 04(x).

Let o, (2,y) = H¢1(%, %) and ¢5(z,y) = 5vy(%,Y). Let f(z,y) € L*(R?). The

wavelet transform of f(z, y) at the scale s has two components defined by
Wf(z,y) = fxr(z,y)and W2 f(z,y) = f*2(2,y). (3.57)
It is straight forward that
W, f(z,y) = (f*05)(z,y)
Sfly) — sV(f % 0.)(z, 3.58
<Wﬁ@m N L0y ) =V 0@y) G358
Hence, edge points can be located from the two components, W' f(x,y) and W2 f(x,y),

of the wavelet transform.

We choose the Gaussian as the smoothing function for Mallat’s wavelet. i.e.

1 _&?0?

e (3.59)

0(z,y) =

2mo?
Thus, the corresponding wavelet ' (, y) and 1)*(z, ) is given by

00 T @
_— = e 202
or 2mot

Y zy) =

Y
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00 y @2
2 _ 9 _
¢ (Z’, y) - ay 27’(’0’4 .

(3.60)

Higher degree differentiations of 6 also comply with the definition of wavelets in

(2.14).

020 Y 242

- e 3.61
Oxdy 200 (3-61)
00

2 2\ (42 .2
| G s
0%x0%y 2mo10
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3.4 Edge detection with wavelet maxima

In a signal, there are usually four kinds of edges, which can be indicated in one dimension

as in Fig. 3.2(a).

Wf(2 z)

WF(22 z)

Wf(23, )

W24 x)

W (25 z)

W (25, z)

21

o0 1 I 1 1 I 1

100 100 QD‘D 300 AQD a00 EDID 0

22 i T T
100 1 | 1 1 | 1
200 T T T T

Scales 2° . ‘ . : ; ;

sootl 1EII[I EE‘ID 3EIIEI ilEII[I EE‘ID BO0 700
0 it y 2|
24 500 1 I 1 1 | 1
500 100 200 300 400 200 GO0 0
T T T T T T
0 ||I b h bk 4
V If L Yy b
25 500 1 I 1 1 1 1
1000 : 1 200 am amn il B0 0
1
1] T T B
6 1000 1 I 1 1 I 1
2 o 100 200 300 400 500 BO00 700

(c)
Fig. 3.2: Wavelet transform of different types of edges throughout scales : (a) Original
signal; (b) wavelet transform computed up to the scale 2°; (¢)At each scale, each Dirac
indicates the position of a modulus location.
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The edges between 0 and 100 are step edges; The edge between 100 and 200 is a
smoothed step edge; The edge between 200 and 300 is a Dirac edge; and the edges between
350 and 650 are fractal edges. Fig. 3.2(b) shows the wavelet transform of this signal on
different edges in dyadic scales. Fig. 3.2(c) shows the modulus maxima which indicates
the location of the edges. By taking the wavelet transform, we can locate all four kinds of
edges. Here, we will explain the reason by presenting some theorems.

In an image, all edges are not created equal. Some are more significant, and some are
blurred and insignificant. The edges of more significance are usually more important and
more likely to be kept intact by wavelet transforms. The insignificant edges are sometimes
introduced by noise and preferably removed by wavelet transforms. In mathematics, the
sharpness of an edge can be described with Lipschitz exponent. We will later show that
local Lipschitz regularity can be efficiently measured by wavelet transforms.

We first introduce the definition of Lipschitz exponent in 1-D.

Definition 4

e Let n be a positive integer and n < a < n + 1. A function f(x) is said to be
Lipschitz «, at xg, if and only if there exists two constants A and hy > 0, and a

polynomial of order n, P,(x), such that for h < hyg
|f(zo +h) — Pa(h)| < AR|". (3.63)
e the function f(z) is uniformly Lipschitz « over the interval (a, b), if and only if

there exists a constant A and for any xy € (a, b), there exists a polynomial of order

n, P,(h), such that equation (3.63) is satisfied if 2o + h € (a, b).
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e We call Lipschitz regularity of f(x) at zy, the superior bound of all values « at x.

e We say that a function is singular at x, if it is not Lipschitz 1 at x.

The definition is now extended to 2-D.
Definition 5 Let 0 < a < 1. For any ¢ > 0, the function f(z,y) is called uniformly
Lipschitz «v on the interval of (a +€,b — ¢) X (c+ ¢,d — €), if there exists a constant A_,

such that, for (z,y) € (a+¢,b—¢) X (c+¢e,d —¢), h? + k* < 2, the following holds:
[flz+hy+k) = flz,y)] < A(h? + K)3. (3.64)

We refer to the Lipschitz uniform regularity of f(x,y) as the upper bound aq of all «
such that f(x,y) is uniformly Lipschitz a.

The local Lipschitz regularity of a function f(z,y) is estimated from the evolution
across scales of both |W} f(z,y)| and |[W2 f(z,y)|. The value of each of these components

is bounded by

Mf(s,,y) =\ IWLF (0, 9) + W2 F (), (3.65)
where the function M f(s, x,y) is called he modulus of the wavelet transform at the scale

27, Tt is proportional to the modulus of the gradient vector V (f * 65,) (z,y).

Theorem 2 Let f(z,y) € L*(R?) and 0 < a < 1. For any € > 0, f(z,y) is uniformly
Lipschitz a over (a+¢,b—¢) X (c+¢,d —¢), if and only if for any € > 0 there exists

a constant A, such that for (z,y) € (a+e,b—¢€) X (c+¢,d —€) and any scale s > 0

|Mf(s,z,y)| < Acs®. (3.66)
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Proof.  For the ”only if” part, since f(z,y) € L* N L*(R?) is uniformly Lipschitz
a over (a+¢e,b—¢) %X (¢c+e,d—¢), there exists an A; > 0 such that, given any
scale s > 0, for (z,y) € (a +¢,b—¢) x (c+¢,d —¢) and any scale h > 0, k > 0,

h? + k* < min(g?, s?)
[f(z+ Ry + k) — flz,y)] < A (R + k)3 (3.67)

According to the definition of 1} (z,y) , for any given (z,y),

+o0o +o0o
/ f(, y)0 (b, k)dhdk = 0 (3.68)
vy = 59" (5 L) < - (3.69)

2 (1 N <m2+2y2)1+%>
Thus with (3.68), we have

W sz = W Hlay)
- ‘/jw /_+oo f<x+hay+k)wi(h,k)dhdk‘

[e.9] o0

— ‘/_m /_+°° (fx+hy+k)— f(z, y))mdhdk'
= /+OO /+OO |(f (@ + hyy + k) — f(2,9))| [¢5(h, k)| dhdk
(3.70)
Let Q = {(h, k) | h? + k* < s}, thus, we apply (3.67) inside the neighborhood of €,
//Q |(f(@ +h,y +k) = f(z,y))] [5(h, k)| dhdk
//Qf‘ll(h2 + k)% |4 (h, k)| dhdk

At ||| s = Ays° (3.71)

IN

IN
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and we use the decay condition (3.69) of the wavelet outside (2,

/ /\ (@ +hyy+ k) = f(@, )] [ (h, k)| dhdk

1
< C —————dhdk
- / /\ Loz (14 () 1)

— sa// o ! = dhdk
r2\Q s+ (h2+ K22

< 0. (3.72)

From (3.70),(3.71) and (3.72), we have

A
‘Wlf(57x7y)} < \/%Sa7
where A, = V2(A; + Cy).
Similarly,
W2 )] < S5
Thus,

Mf(s.zy)l = \IWLFG,y)P + W2 f(, )

< A.s®.

Therefore, the ”only if” part is proved.

For the ”if” part, since |M f(s,z,y)| < Ags®,
}Wslf(:c,y)’ < Acs,

(W2f(z,y)] < Acs™. (3.73)
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Moreover, according to the definition of the wavelet 1!,

+oo +o0 +oo
l’ y Cw / dhl/ dk’l/ hl,kﬁl)) ¢i1(x+h1,y—l—k‘1)dsl, (374)

where Cy, is a constant and is given by

/+Oo - w Wm,wy)

— 4 dw,dw, < oco.
oo (W2 +w2)?

Therefore, from (3.73) and (3.74), we have

|f(x+h y+k) = flz,y)]

+oo +oo
— dhl /

/ Acs® W’a$+h+h1ay+k+k’1)—¢i1($+h17y+k‘1)|d81
0

IN

Since s is arbitrary, without loss of generality, we choose s such that s? = h2+k£2.

Using the mean value theorem,

+o0 +o0
/ dhy / dk

+o00
/ As” \¢§1(x+h+h1,y+k+k1) — s (x + hi,y + k)| dsy

+o0o h2 ]{32 +o0o +o0
T

1 1
sup S RETE ———T7a dh,dk;
h1+k1
() ()T ()
+o00 Cl

vl

< Aa(h2+k2)%/ —dsl < A.Cy(h? + K?)

S

Furthermore,
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+00o +o0
/ dhl/ dk
/ Acs® [, (@ + b+ hayy + ko Ea) — g, (@ 4 hayy + Fa) | ds
0+oo +o0
/ dh1/ dk

/ A.s” (|¢§l(x+ h+hy,y+k+k)|+ w;(x + hi,y + k1)]) dsy

+oo +o0 2
< As” / / / 0822) ~dhydkyds,

o

< ACs(h2+ k)%

IN

Therefore,

R

\flx+hy+k)— flz,y)| < Ai(R®+k%)2,

where Al = AE(CQ + Cg)

Theorem 3 Let n be a positive integer and o < n. Let f (x,y) € L3(R?). If f(x,vy)
is Lipschitz a at (zg,yo), then there exists a constant A > 0 such that for all point

(x,y) in a neighborhood of (xg,yo) and any scale s
|Mf(s,z,y)| < A(s" + |z — 2o|%) (3.75)

Conversely, let & < n be a noninteger value. The function f(z,y) is Lipschitz « at

(20, Yo), if the following two conditions hold.
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o There exists some ¢ > 0 and a constant A such that for all points (x,y) in a

neighborhood of (o, o) and any scale s

M f(s,2,9)| < As°. (3.76)

o There exists a constant B such that for all points (z,y) in a neighborhood of (xo, yo)

and any scale s

((z — 20)* + (y — 30)°) ) 3.77)

Mf(s,z,y)| < B[ s 2 2
M (s, ,y)| < ( T Thog (7 — 20" + (0 — )]

Theorem 3 is an extension of Theorem 2 and the proof is similar. Theorem 2 and
Theorem 3 prove that the wavelet transform is particularly well adapted to estimating the
local regularity of functions. Because edges are singularities characterized by Lipschitz
exponent, it is appropriate to locate edges by finding local singularities with the wavelet
transform. Fig. 3.3 shows how the coefficients of the wavelet transform change across

scales.

3.5 2-D discrete convolution

The convolution of two bi-variate functions f(z,y) and g(x,y) is defined by

(f +9)(z,y) = /_Z /_Z f(@ —u,y —v)g(u, v)dudv,
provided that the integral on the right hand side exists.
Data from digital images are discrete. So to deal with such image data, we need
discrete filters, which can be applied by discrete convolutions.

Definition 6 The 2-D discrete convolution of two sequences g and x is a 2-D sequence
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g * X given by

(g+x)(i,5) =Y gk, Dz(i—k,j—1), i€Z, jeZ (3.78)
k,l

provided the series in (3.78) is convergent for each i, j € Z.

Continuous wavelet models can be converted into discrete edge detectors by discretizing
the wavelet with appropriate scales. Suppose the support of a wavelet 1(z, y) is within an
n by n grid (n = 2k + 1,k € Z™), then the discrete edge detector defined by the wavelet
is

j+3 ity
g(i,7) = / / U(z,y)dedy, i = —k.k,j=—k.k. (3.79)
it i
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(b)
Fig. 3.3: (a) An image with different type of edges. A sample of pixels is taken across the
indicated line in the middle; (b) Modulus of the continuous wavelet transform from scale
1 to 2%(brighter color indicates edges).



Chapter 4
Review of Classical Edge Detectors

Classical edge detectors use a pre-defined group of edge patterns to match each image
segments of a fixed size. 2-D discrete convolutions are used here to find the correlations

between the pre-defined edge patterns and the sampled image segment.

(fem)(m,y) =D > fli,fimz —i,y — ), (4.80)
i g
where f is the image and m is the edge pattern defined by
m(—1,—1) | m(—=1,0) | m(—1,1)
m = | m(0,-1) | m(0,0) | m(0,1) |
m(1,—1) | m(1,0) | m(1,1)

m(i,j) = 0,if (¢,7)is not in the defined grid.

These patterns are represented as filters, which are vectors (1-D) or matrices (2-D).
For fast performance, usually the dimension of these filters are 1 x3 (1-D) or 3 x3 (2-D).

From the point of view of functions, filters are discrete operators of directional
derivatives. Instead of finding the local maxima of the gradient, we set a threshold and
consider those points with gradient above the threshold as edge points. Given the source

image f(z,vy), the edge image FE(z,y) is given by

E=/(f*s)2+(f 1) (4.81)

where s and ¢ are two filters of different directions.

39
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4.1 Roberts edge detector

0({0O0 0700
s=|0[10 t= 110
0(0]-1 -110(0

The edge patterns are shown in Fig. 4.1.

A4 A\

(a) (b)
Fig. 4.1. Edge patterns for Roberts edge detector: (a) s; (b) t

These filters have the shortest support, thus the position of the edges is more accurate.
On the other hand, the short support of the filters make it very vulnerable to noise. The
edge pattern of this edge detector makes it especially sensitive to edges with a slope around

Some computer vision programs use the Roberts edge detector to recognize edges of

INE

roads.

4.2 Prewitt edge detector

-1-11]-1 -110
s = . t=|-11]0
1|11 -110

The edge patterns are shown in Fig. 4.2.

= L

(a) (b)
Fig. 4.2: Edge patterns for Prewitt and Sobel edge detectors: (a)s; (b)t

These filters have longer support. They differentiate in one direction and average in
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the other direction. So the edge detector is less vulnerable to noise. However, the position

of the edges might be altered due to the average operation.

4.3 Sobel edge detector

-1 -2 -1 -110]1
s= 0100/, t=-210
1121 -110]1

The edge patterns are similar to those of the Prewitt edge detector as shown in Fig.
4.2. These filters are similar to the Prewitt edge detector, but the average operator is more

like a Gaussian, which makes it better for removing some white noise.

4.4 Frei-Chen edge detector

A 3x3 subimage b of an image f may be thought of as a vector in R?. For example,

00 1 5 ZO
b= B | by | by — b=
be | b | bs "

Let V' denote the vector space of 3 X 3 subimages. By, an orthogonal basis for V,
is used for the Frei-Chen method. The subspace E of V' that is spanned by the subimages
v1, Vg, v3 and vy 1s called the edge subspace of V. The Frei-Chen edge detection method
bases its determination of edge points on the size of the angle between the subimage b and

its projection on the edge subspace.

1 v2]1 1 Jo] -1 0 |-1]+v2 V2 19-1] 0
ol 0 [0 V210 -2 1 [0 -1 110 1
121 1 [0 -1 21110 0 |12

U1 (% U3 V4
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1 -1101 1121 2012 111
-110|-1 0 204 -2 1141 1111
1 1 10]-1 I |-2]1 201 -2 1111
Vs (3 U7 (%) Vg
4 2\ 2
0p = cos ! M (4.82)
> i1 (vi - b)?

= L1
7224 Cn
X+

g (h) @
Fig. 4.3: Edge Patterns for the Frei-Chen edge detector: (a) v1; (b) v2; (c) v3;
(d) v4; (e) v5; () v6; (2) v7; (h) v8; (1) v9.

As you can see from the patterns, the subimages in the edge space are typical edge
patterns with different directions; the other subimages resemble lines and blank space.

Therefore, the angle 6 is small when the subimage contains edge-like elements, and 0 is

large otherwise.

4.5 Canny edge detection

Canny edge detection [4] is an important step towards mathematically solving edge detection
problems. This edge detection method is optimal for step edges corrupted by white noise.

Canny used three criteria to design his edge detector. The first requirement is reliable
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detection of edges with low probability of missing true edges, and a low probability of
detecting false edges. Second, the detected edges should be close to the true location of
the edge. Lastly, there should be only one response to a single edge.

To quantify these criteria, the following functions are defined:

A @

SNR(f) = = -
" 2 @) da)
L) = A WOL_
O )]

where A is the amplitude of the signal and ng is the variance of noise. SN R(f) defines
the signal-to-noise ratio and Loc( f) defines the localization of the filter f(z).

Now, by scaling f to f,, we get the following “uncertainty principle”:
SNR(fs) = VsSNR(f),

Loc(fs) = %Loc(f).

That is, increasing the filter size increases the signal-to-noise ratio but also decreases the
localization by the same factor. This suggests maximizing the product of the two. So the

object function is defined as:

_ @] o)
S P@da]” [ £ a)dal

where f(z) is the filter for edge detection. The optimal filter that is derived from these

J(f) : (4.83)

N|=

requirements can be approximated with the first derivative of the Gaussian filter,

X z2

O

o2

The choice of the standard deviation for the Gaussian filter, o, depends on the size,
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or scale, of the objects contained in the image. For images with multiple size objects, or
unknown size one approach is to use Canny detectors with different o values. The outputs

of the different Canny filters are combined to form the final edge image.



Chapter 5
The Wavelet Point of View of Some Classical
Edge Detectors

From the definition of the wavelet transform (2.14), we see that the edge detectors
are actually discretized wavelet functions. The convolution with edge detectors gives the
wavelet transform of the image at a certain scale. Here,we approximate the continuous
wavelet models, which will result in the classical edge detectors when discretized. Once
we have a continuous model, we can then change the scales and detect edges on different

scale levels.

5.1 Roberts edge detector

The Roberts edge detector finds edges using the Roberts approximation to the derivative.

It directly discretizes the gradient operator as follows.

R<Z7]> =

RG =13 = 1) = G+ LG4 D+ (FG =17+ 1) — £+ 1,7~ 1))

(5.84)

The Roberts edge detector can be described as a discretized model of the following

two orthogonal wavelets:

22 4y?

Roberts-s : ¢'(z,y) = (y —2)e” 2 ,

12+y2

Roberts-t : ¢*(z,y) = (z +y)e™ 2

45
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Fig. 5.1 shows a 3-D plot of the wavelets.
il a

)
5 O‘WM i

i

(a) (b)
Fig. 5.1: Continuous wavelet model for the Roberts edge detector (a) Roberts-s; (b)
Roberts-t.

5.2 Prewitt edge detector

The Prewitte edge detector finds edges using the Prewitt approximation to the derivative.
Let B(z) be the box function: B(z) = x|_; ;(z) and B(z,y) = B(z)B(y). The Prewitt

detector P is constructed as follows:

Py =[[V(B* )l

Ppig) = gllfli=1.5 = 1)+ fi— 1,3+ fi =1+ 1] -
[fG+1Li—-1)+fE+1L4)+fe+1,7+D]+
S =1 = 1)+ Fioj = ) f+ 1,5~ )] -

fa—-17+D)+ G5 +1)+ fi+1,7+1)] (5.85)
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The Prewitt edge detector can be described as a discretized model of the following two

orthogonal Haar wavelets:

—1, —15<z<0;—15<y<L1.5,
Yz y) = ,0<z <15 —15<y<L1.5,

0, otherwise

—1, —15<y<0;—15<z<15
iz, y) = 1,0<y<15—-15<z<15

0, otherwise

Fig. 5.2 shows a 3-D plot of the wavelets.

(@) (b)
Fig. 5.2: Wavelet model for the Prewitt edge detector (a) Prewitt-s; (b) Prewitt-t.

5.3 Sobel edge detector

Let L(z) be the central cardinal linear B-spline, L(c,y) = L(z)L(y). The Sobel edge

detector .S is constructed as
Sp=|V(L* ).

If the 1-norm is chosen, then its discrete form is

Sp(i,g) = %l[f(i— Li—1+2f(i—-15)+f(i-17+1)]—

[fG+1,7—1)+2f(i+1,5)+ fGE+1,7+1)]+
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SILFG = 1,5 = 1)+ 270§ — 1)+ fG+ 1,5 - )] -
[fG—17+1)+2f(4, 5+ 1)+ fli+ 1,7+ D). (5.86)

The Sobel edge detector can be described as a discretized model of the two orthogonal

wavelets:

Pa,y) = —we I, (5.87)
ac2 y2
Vz,y) = —ye @

Fig. 5.3 shows a 3-D plot of the wavelets.

(b)
Fig. 5.3: Continuous wavelet model for the Sobel edge detector (a) Sobel-s; (b) Sobel-t.

5.4 Frei-Chen edge detector

The Frei-Chen edge detector actually uses a combination of 4 pairs of wavelets. Two
pairs are the first degree partial derivatives of the Gaussian smoothing function, which are
sensitive to step edges. The other two pairs are second and fourth mixed partial derivatives

of the Gaussian smoothing function, which are sensitive to Dirac edges. They can be
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described with wavelets as follows:

6¢ 1 z2+y2

w ) = 2 = e,
v W) = = e
w o ) = 55 = (6l +y) - (e
b ) = 55 = =) — (e
w o V) = g =
W V) = e = e
o V) = g = 5o - -y
Ug - wg(x,y)zmi:;g;y,
_ ﬁ(;ﬁ byt — 207 — 42® — Ay 4 A)e”
vy ¢($ay)=%€_m2—?ﬁ-

x2+y

2

2
Y

Fig. 5.4 shows a 3-D plot of the wavelets and the smoothing function.
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Fig. 5.4: Continuous wavelet model for the Frei-Chen edge detector.
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5.5 Canny edge detection

Since Canny edge detection uses the first derivative of a Gaussian as as its filter, it is very
close to the method of wavelet transforms. However, from the point of view of wavelet
transforms, we can use a more effective algorithm to adjust the scale of the filters. The

function in (5.87) is also an explicit form of the wavelet model for Canny edge detection.



Chapter 6
A Multiscale Wavelet Model for Edge
Detection

The continuous wavelet model we constructed here not only explains the working
mechanism of most classical edge detectors, but also has several significant advantages in
practical applications. The scale of the wavelet used in our model can be adjusted to detect
edges of different levels of scale. Also, the smoothing function used in the construction of
a wavelet reduces the effect of noise. Thus, the smoothing step and edge detection step are

combined together to achieve the optimal result.

6.1 Scales of edges

The resolution of an image is directly related to the proper scale for edge detection. High
resolution and small scale will result in noisy and discontinuous edges; low resolution and
large scale will result in undetected edges. The scale is not adjustable with classical edge
detectors, but with the wavelet model, we can construct our own edge detectors with proper
scales.

Because image data is always discrete, the practical scale in images is usually integer.
With the cascade algorithm in chapter two and the wavelet-based edge detection method
in chapter three, we can detect edges of a series of integer scales in an image. This can
be useful when the image is noisy, or when edges of certain detail or texture are to be

neglected.

52
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The scale controls the significance of edges to be shown. Edges of higher significance
are more likely to be kept by the wavelet transform across scales. Edges of lower significance
are more likely to disappear when the scale increases. Fig. 6.1 shows edges of different
significance on a dyadic sequence of scales. The significance of an edge can be mathematically

measured by its Lipschitz exponent using Theorem 2 and Theorem 3.

scale: 10

scale: 20

scale: 40

scale: 80

4 scale: 160
Fig. 6.1: The left column is the thresholded edge of different scales, and the right column
is the corresponding edges from high resolution; The first row indicates the result from
classical edge detectors, and the following rows show the result when scales of edges are
increased in the continuous model.
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6.2 Effect of noise on edge detection

Noise is broadly defined as an additive (or possibly multiplicative) contamination of an
image. Noise is not predictable. Hence we often use the term “random noise” to describe
an unknown contamination added to an image. Assume the image without noise is u, and

the noise is n, then the contaminated image u( can be represented as
Ug = U+ N.

We can measure the effect of noise by the signal-to-noise ratio (SNR).

nlP ~ fo ”2 dxdy

If the noise is a Gaussian white noise, and the normalized low-pass filter is f(z,y) ,

the filter output given image u(x, y) is

H, = |jux f|I

If the noise variance is n2, the noise output is

H, = [n+ fII*, (6.88)
and signal-to-noise ratio is:
H
SNR = —-. 6.89
i (6.89)

It is reasonable to assume that the image signal has a power spectrum that concentrates
on the lower frequencies, and the noise has a bounded uniform distribution in its power

spectrum, i.e.

~12
/ / wmwy| dwgdw, > HZH (6.90)
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M

[[72]]
1630 2w < W, < 2wy

E ([i(we,wy)[?) = — 2wy < wy < 2w (6.91)
0, otherwise.

where wy is a parameter for an ideal low-pass filter such that

1

R 9 e Sl wo < Wy < W

)f(wm,wy) = — wp < wy < W
0, otherwise.

Thus,

He = fusfP = a7

wo wo 1 R 5
= / / 2 [u(wg, wy)|” dwydw,
0

> 16u)2|| ul|?. (6.92)
2
Hy = |lnxfIP =)
wo  [fwo N 2
= [ s T dosdo,
w0
= Hm|2/ / (Wey w dw dw
16w wy) Y
< Il (6.93)
—  16w?
From (6.92) and (6.94), we have
1 ~|12 2
Hy, _ 163 [Jul]
> — = (6.94)
Hy ™ w lAll* lnl?

From (6.94), we see that SNR is increased by applying the low-pass filter.

The probabilities of both Type I error (missed detection) and Type II error (false
alarm) in edge detection are minimized when the signal-to-noise ratio of the detection filter
is maximized. J. Canny [4] showed that the optimal filter can be approximated by the
derivative of Gaussian functions. Some of the classical edge detectors do not work well

with noisy images, because their SNR 1is not maximized through the detection filter.
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Mallat, et. al. [6] have provided a method of signal denoising based on wavelet
maxima. If we assume the presence of a white noise, it creates singularities with negative
Lipschitz regularity. Thus, by looking at the amplitude of modulus maxima across scales,
we can keep edges that propagate to a certain coarser scale and remove other edges which

are dominated by noise.

scale: 2

scale: 4

scale: 6

scale: 8

i \ scale: 10

8%

Fig. 6.2: The left column shows the results of edge detection with different scales for a
noisy image; The right column shows the denoised images under corresponding edge
scales; The first row is the result from classical edge detectors, and the following rows
shows the results when scales of edges are increased by the continuous algorithm
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6.3 Multiscale edge detection

We have explained how to obtain edges of different scales and how the effect of noise can
be reduced by adjusting the scale of the edge detection wavelets. We now give a method of
edge detection on a series of scales to obtain satisfactory results on an image contaminated
by white noise.

Wavelet filters of large scales are more effective for removing noise, but at the same
time increase the uncertainty of the location of edges. Wavelet filters of small scales
preserve the exact location of edges, but cannot distinguish between noise and real edges.

From Theorem 2 and Theorem 3, we can use the coefficients of the wavelet transform
across scales to measure the local Lipschitz regularity. That is, when the scale increases,
the coefficients of the wavelet transform are likely to increase where the Lipschitz regularity
is positive, but they are likely to decrease where the Lipschitz regularity is negative. We
know that locations with lower Lipschitz regularities are more likely to be details and noise.

As we can see from Fig.3.3, when the scale increases, the coefficients of the wavelet
transform increase for step edges, but decrease for Dirac and fractal edges. So we can use
a larger-scale wavelet at positions where the wavelet transform decreases rapidly across
scales to remove the effect of noise, while using a smaller-scale wavelet at positions where
the wavelet transform decreases slowly across scale to preserve the precise position of the
edges. Using the cascade algorithm in chapter two, we can observe the change of the

wavelet transform coefficient between each adjacent scales, and distinguish different kind
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of edges. Then we can keep the scales small for locations with positive Lipschitz regularity
and increase the scales for locations with negative Lipschitz regularity.

Fig. 6.3 shows that for a image without noise, the result of our method is similar to
that of Canny’s edge detection. For images with white noise in Fig. 6.4 - 6.8, our method
gives more continuous and precise edges. Table 6.1 shows that the SNR of the edges

obtained by the multiscale wavelet transform is significantly higher than others.

(2) (b) (@
Fig. 6.3: Edge detection for Lena image: (a) The Lena image; (b) Edges by the Canny

edge detector; (c) Edges by the multiscale edge detection using wavelet transform

I.-.—.-.-.-_ : : -_—. i_:"-'- —
w4k
B |
(b) (c) (d) (e)

Fig. 6.4: Edge detection for a block image with noise: (a) A block image (SNR=10db);
(b) Edges by the Sobel edge detector; (c) Edges by Canny edge detection with default
variance; (d) edges by Canny edge detection with adjusted variance; (¢) Edges by the

multiscale edge detection using wavelet transform
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() (d)
Fig. 6.5: Edge detection for a Lena image with noise: (a) Lena image (SNR=30db); (b)
Edges by the Sobel edge detector; (c) Edges by Canny edge detection with adjusted
variance; (d) Edges by multi-level edge detection using wavelets

Table 6.1: False rate of the detected edges

Image Canny Canny
(SNR=10db) (default variance) (adjusted variance) Sobel Multiscale

Lena Image 114.3% 57.5% 60.8% 43.9%
Bridge Image 78.2% 72.3% 86.5% 68.8%
Pepper Image 188.3% 71.7% 69.2% 68.0%
Wheel Image 307.3% 63.8% 43.4% 36.7%

Block Image 197.8% 17.9%  6.0% 0.8%
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(©) (d)

Fig. 6.6: Edge detection for a bridge image with noise: (a) Bridge image (SNR=30db); (b)
Edges by the Sobel edge detector; (c) Edges by Canny edge detection with adjusted
variance; (d) Edges by multi-level edge detection using wavelet
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(c) (d)
Fig. 6.7: Edge detection for a pepper image with noise: (a) Pepper image (SNR=10db);
(b) Edges by the Sobel edge detector; (c) Edges by Canny edge detection with adjusted
variance; (d) Edges by multi-level edge detection using wavelet
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5 s ;! o
Fig. 6.8: Edge detection %or a wheel image with noise: (a) Wheel image (SNR=10db); (b)
Edges by the Sobel edge detector; (c) Edges by Canny edge detection with adjusted
variance; (d) Edges by multi-level edge detection using wavelet
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Appendix A
Matlab code for the cascade algorithm for the
wavelet model

%y=psi (axis,a,h)

%axis: 1 for x, 2 for vy,

o°

3 for (x+y), 4 for (x-y)

Fa: variance

sh: order of derivative

% support = (ath+1l)x(at+h+1)
%e.g

o°

y=psi(1,10,0) gives you a Gaussian

o°

with support of 11 by 11

o°

y=psi(3,6,4) give you a 4th derivative

o°

of Gaussian rotated pi/4.
function y=psi(axis,a,h)

v=[1 1;1 1]/4;

d1=[0 0 0; 0 1 -1; 0 0 0]/2;
d2=[0 0 0; 0 1 0; 0 -1 0]/2;
d3=[0 0 0; 01 0; 00 -11/2;
d4=[0 0 O0; 0 1 0; -1 0 01/2;

d=eval (['d’ '0'+axis]);
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Appendix A Matlab code for the cascade algorithm for the wavelet model 67

for i=1:h-1
y=conv2 (y,d);
end
else
y=vy
a=a-1;
end
for i=l:a
y=conv2 (y,V);

end



Appendix B
Matlab code for multiscale edge detection

$y=multiedge (a, s)

o°

a: original image

maximum level of wavelet scale

o°
[0)]

function y=multiedge (a,s);
hl=[1 0 -1;2 0 -2;1 0 -17;
h2=[1 2 1,0 0 0;-1 -2 -11];
v=[1l 2 1;2 4 2;1 2 1];
al=filter2(hl,a);
a2=filter2(h2,a);
[m n]=size(a);
ns=hl;
for ii=1l:s
nsh=conv2 (ns,v);
p=max (max (ns)) /max (max (nsh));
% Increase scale of the wavelet
ahl=filter2(v,al) *p;
ahz2=filter2 (v,a2) *p;
ns=nsh;

)

% Distinguish noise and real edges
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Appendix B Matlab code for multiscale edge detection

al=al.* (abs(al)<=abs (ahl))+ahl.* (abs(al)>abs(ahl));
az=a2.* (abs (a2)<=abs (ah2))tah2.* (abs (a2) >abs (ah2));
end
e=(al.”2+a2."2);
% Threshold

y=(e>(filter2 (ones (10))/100,e)) .* (e>mean2 (e));
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